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1 Introduction 



M-theory should eventually provide a unifying framework for non-perturbative string theory. While 
there is lot of compelling evidence for this underlying M-theory, it is still a rather elusive theory, lacking 
a satisfactory intrinsic formulation. It is probably the matrix model by Banks, Fischler, Shenker and 
Susskind (BFSS) Q which still comes closest to this goal. In the absence of a microscopic description, 
quite some information can be obtained by simply looking at the eleven-dimensional superalgebra Q 
whose central charges correspond to the extended objects, i.e. membranes and five-branes present 
in M-theory. Relations with the hidden symmetries of eleven-dimensional supergravity and its 
compactifications and associated BPS configurations (see e.g. |5|, ^] and references therein) underlined 
further the importance of the algebraic aspects. It has been conjectured Q that the large superalgebra 
osp(l|32) may play an important and maybe unifying role in M and F theory Q. 

The hidden symmetries of the IID supergravity action points to a non- linearly realized Lorentzian 
Kac-Moody algebra en, whose supersymmetric extension contains osp(l|32) as a finite-dimensional 
subalgebra. It would be interesting to investigate further the relationships between those two aspects 
of the symmetries underlying M-theory. 

In this paper, we have chosen to explore further the possible unifying role of 05p(l|32) and study 
its implications for matrix models. One of our main motivations is to investigate the dynamics of 
extended objects such as membranes and five-branes, when they are treated on the same footing as 
the "elementary" degrees of freedom. In order to see eleven and twelve-dimensional structures emerge, 
we have to embed the 50(10,2) Lorentz algebra and the 50(10, 1) Poincare algebra into the large 
osp(l|32) superalgebra. This will yield certain deformations and extensions of these algebras which 
nicely include new symmetry generators related to the charges of the extended objects appearing in 
the eleven and twelve-dimensional theories. The supersymmetry transformations of the associated 
fields also appear naturally. 

Besides these algebraic aspects, we are interested in the dynamics arising from matrix models 
derived from such algebras. Following ideas initially advocated by Smolin [^, we start with matri- 
ces M € osp(l|32) as basic dynamical objects, write down a very simple action for them and then 
decompose the result according to the different representations of the eleven and twelve-dimensional 
algebras. In the eleven-dimensional case, we expect this action to contain the scalars Xj of the BFSS 
matrix model and the associated fermions together with five-branes. In ten dimensions, cubic super- 
matrix models have already been studied by Azuma, Iso, Kawai and Ohwashi ||l^ (more details can 
be found in Azuma's master thesis [|l^]) in an attempt to compare it with the IIB matrix model of 
Ishibashi, Kawai, Kitazawa and Tsuchiya [12|. 

To test the relevance of our model, we try to exhibit its relations with the BFSS matrix model. For 
this purpose, we perform a boost to the infinite momentum frame (IMF), thus reducing the explicit 
symmetry of the action to 50(9). Then, we integrate out conjugate momenta and auxiliary fields 
and calculate an effective action for the scalars Xj, the associated fermions, and higher form fields. 
What we obtain in the end is the BFSS matrix model with additional terms. In particular, our 
effective action explicitly contains couplings to 5-brane degrees of freedom, which are thus naturally 
incorporated in our model as fully dynamical entities. Moreover, we also get additional interactions 
and masslike terms. This should not be too surprising since we started with a larger theory. The 
interaction terms we obtain are somewhat similar to the higher-dimensional operators one expects 
when integrating out (massive) fields in quantum field theory. This can be viewed as an extension of 
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the BFSS theory describing M-theoretical physics in certain non-Minkowskian backgrounds. 

The outUne of this paper is the following: in the next section we begin by recalling the form of the 
osp(l|32) algebra and the decomposition of its matrices. In section 3 and 4, we study the embedding 
of the twelve-, resp. eleven-dimensional superalgebras into osp(l|32), and obtain the corresponding 
algebraic structure including the extended objects described by a six- resp. five-form. We establish 
the supersymmetry transformations of the fields, and write down a cubic matrix model which yields 
an action for the various twelve- resp. eleven-dimensional fields. Finally, in section 5, we study further 
the eleven-dimensional matrix model, compute an effective action and do the comparison with the 
BFSS model. 

2 The osp(l|32,R) superalgebra 

We first recall some definitions and properties of the unifying superalgebra osp(l|32,M) which will be 
useful in the following chapters. The superalgebra is defined by the following three equations: 



[Zab, Zcd] = ^adZcb + ^acZdb + ^bdZca + ^bcZda , 
[Zab ,Qc]=^acQb + ^bcQa , (1) 
{Qa-, Qb} = Zab , 

where i^AB is the antisymmetric matrix defining the 5p(32,M) symplectic Lie algebra. Let us now give 
an equivalent description of elements of 05p(l|32,M). Following Cornwell [13|, we call M.Bl the real 
Grassmann algebra with L generators, and Mi?/,o and M-Bli its even and odd subspace respectively. 
Similarly, we define a {p\q) supermatrix to be even (degree 0) if it can be written as: 

(A B 

where A and D are p x p, resp. q^q matrices with entries in M.Blq, while B and F are pxq (resp. (? x j?) 
matrices, with entries in Mi?Li. On the other hand, odd supermatrices (degree 1) are characterized 
by 4 blocks with the opposite parities. 

We define the supertranspose of a supermatrix M asQ 

MST _ ( A' (-l)de9iM)FT 



If one chooses the orthosymplectic metric to be the following 33 x 33 matrix: 





^0 


-lie 




lie 







^ 






(where the i is chosen for later convenience to yield a hermitian action), we can define the 05p(l|32, ] 
superalgebra as the algebra of (32|1) supermatrices M satisfying the equation: 

M^^ • G + {-1)'^^9(^)g • M = . 



^We warn the reader that this is not the same convention as in [ pj{ . 
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From this defining relation, it is easy to see that an even orthosymplectic matrix should be of the 
form: 





f ^ 


B 


M= 1 


F 


-A 









Tfi ^ 

where A,B and F are 16 x 16 matrices with entries in M-B^q and ^ = ($1,^2)^ is a 32-components 
Majorana spinors with entries in WB^i. Furthermore, B = B^ , F = F~^ so that m G sp(32,M) and C 
is the following 32 x 32 matrix: 

and will turn out to act as the charge conjugation matrix later on. 

Such a matrix in the Lie superalgebra osp(l|32, M) can also be regarded as a linear combination of 
the generators thereof, which we decompose in a bosonic and a fermionic part as: 

h 0\ ^ f X\ _ uAB, 



where Zab and Qa are the same as in (|l]). An orthosymplectic transformation will then act as: 

5^^ = [H, .] = h^^'iZAB, •] + X^IQa, •] = '^i'^ + . (5) 

This notation allows us to compute the commutation relations of two orthosymplectic transformations 
characterized by H = {h, x) and E = (e, e). Recalling that for Majorana fermions x^Ce = e^Cx, we 
can extract from [^j:];^^^^] the commutation relation of two symplectic transformations: 



(6) 



the commutation relation between a symplectic transformation and a supersymmetry: 



and the commutator of two supersymmetries: 



3 The 12-dimensional case 

In order to be embedded into 05p(l|32,R), a Lorentz algebra must have a fermionic representation 
of 32 real components at most. The biggest number of dimensions in which this is the case is 12, 
where Dirac matrices are 64 x 64. As this dimension is even, there exists a Weyl representation of 32 
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complex components. We need furthermore a Majorana condition to make them real. This depends 
of course on the signature of space-time and is possible only for signatures (10,2), (6,6) and (2,10), 
when (s, t) are such that s — t = mod 8. Let us concentrate in this paper on the most physical 
case (possibly relevant for F-theory) where the number of timelike dimensions is 2. However, since we 
choose to concentrate on the next section's M-theoretical case, we will not push this analysis too far 
and will thus restrict ourselves to the computation of the algebra and the cubic action. 

To express the 05p(l|32,]R) superalgebra in terms of 12-dimensional objects, we have to embed the 
S'O(10,2) Dirac matrices into sp(32,IR) and replace the fundamental representation of sp(32,M) by 
50(10,2) Majorana- Weyl spinors. A convenient choice of 64 x 64 Gamma matrices is the following: 

-i32\ fo f»\ „ /o r 



where is the 32 x 32 symplectic form: 



-Il6 
Il6 



which, with the f*'s and f builds a Majorana representation of the 10 + 1-dimensional Clifford 
algebra {r^,r'^} = 27/^'^l32 for the mostly -|- metric . Of course, T^^ = F^T^ . . .F^. This choice has 
(r0)2 = (rii)2 = -l64, while (P)2 = l64, Vz = 1 . . . 10, and gives a representation of {r*^,r^} = 
2r)^^lQ4 for a metric of the type (— , +, . . . , +, — ). As we have chosen all F's to be real, this allows 
to take 2? = I in = B^^, which implies that the charge conjugation matrix C = F^F^^, i.e. 

-fo 
fo 



C 



This will then automatically satisfy: 

CF^C-^ = (rA^)T , cF^iN(j^i ^ _^j^MNy (-^Q) 

and more generally: 



The chirality matrix for this choice will be: 

= r°...r 



-nil _ f "^32 



I 



32 



We will identify the fundamental representation of sp(32,R) with positive chirality Majorana- Weyl 
spinors of 50(10,2), i.e. those satisfying: = for: 

Decomposing the 64 real components of the positive chirality spinor ^ into 32 + 32 or 16 + 16 + 16 + 16, 
we can write: = (0, = (0, 0, ^J, ^J)- Because ^ = *trOpii ^ q/'^c, this choice for the charge 
conjugation matrix C is convenient since it will act as C in equation (^) (though with a slight abuse 
of notation), and thus: 

(0, 0, = (0> -«$^f °) = -i-a^C = -t^. 
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3.1 Embedding of SO{10, 2) in OSp{l\32, R) 

We would now like to study how the Lie superalgebra of 05^(1132, M) can be expressed in terms of 
generators of the Super-Lorentz algebra in 10+2 dimensions with additional symmetry generators. 
In other words, if we separate the sp(32,M) transformations h into a part sitting in the Lorentz 
algebra and a residual 5p(32,M) part, we can give an explicit description of this enhanced super- 
Poincare algebra (|^) where we promote the former central charges to new generators of the enhanced 
superalgebra. 

To do so, we need to expand a symplectic matrix in irreducible tensors of 50(10, 2). This can be 
done as follows: 



■ Me 



(12) 



where the + on /iAfi...M6 recalls its self-duality, and the components of h in the decomposition in irre- 
ducible tensors of 50(10,2) are given by Hmn = -^7'?'sp(32,M) (^rMA?) and h\^^ j^^ = 
= — ^Tr gp{^^2,K){h^ Mi...Mfi) ■ Indeed, a real symplectic 32 x 32 matrix satisfies mV^ = — f^m^, and C 
acts like on -p^r^^i-'-A^fn^ Furthermore, (11) indicates that: 



o(i + r,)r 



Mi...M„ 



.;^)n(n-i)/2(^^^ ^ (-i)"r*)r*^i-^")^C' . 



(13) 



Thus, 7?_|_p^^i---*^i ig symplectic iff n is even and (—!)"'(" = —1. For < n < 6, this is only 
the case if n = 2 or 6. As a matter of fact, the numbers of independent components match since: 
12 • 11/2 + 1/2 • 12!/(6!)2 = 528 = 16 • 33. 

The symplectic transformation 5h may then be decomposed into irreducible 12-dimensional tensors 
of symmetry generators, namely the so (10, 2) Lorentz algebra generator J^'^^ and a new 6-form sym- 
metry generator j^i-- *^6 Xo calculate the commutation relations of this enhanced Lorentz algebra, 
we will choose the following representation of the symmetry generators: 



J 



MN 



1 



MN 



jMx.-.Ma 



1 



2! ^ ' 6! 
so that a symplectic transformation will be given in this base by: 



V+T 



Ml. ..Me 



h = h 



MN 



J 



MN 



h 



Ml... Me 



J 



Ml... Me 



We will now turn to computing the superalgebra induced by the above bosonic generators and the 
supercharges for D = 10 + 2. The bosonic commutators may readily be computed using: 



[^Mi...Mk,'^Ni...Ni] = ' 



l{min{k,l)~l)/2] 

^(_l)'=-i-i2.(2j + l)! 

i=o 



k 

2j + l 



2j + 1 



X^MiA^i 
(mm(fc, 0-l)/2 

E 

j=0 



■ rjMij+iNij+i^ M2j+2N2j+2...MkNi 



if A; • / is even and. 



(14) 



:fc,o-i)/2 / 1,\ / 

E(-)'M2i)!(,^.)( 



XllMiNi 



I 

VM2jN2j'rM2j+iN2j+i...MM 



if A; • / is odd. 



5 



On the other hand, for the commutation relations involving fermionic generators, we proceed as follows. 
We expand equation (0) of the preceding chapter in irreducible tensors of 50(10,2): 



which is also given by: 

= x''hMN[QA.J^'']+x''hM,...M,[QA,J^'-'''] ■ (15) 

Comparing terms pairwise, we see that the supercharges transform as: 

[J ,Qa\ = ^ {P+l ) aQb , [J \Qa\ = ) aQb ■ 

Finally, in order to obtain the anti-commutator of two supercharges, we expand the RHS of (^ in the 
bosonic generators J^'^^ and J^^i---^^6. 

-X^6b{Qa,Q^} ^ [6^,6,] = ^ix^CTMNeW'' + ^{x''CTM,...Mee)J^''-^'' , (16) 

and match the first and the last term of the equation. 

Summarizing the results of this section, we get the following 12-dimensional realization of the 
superalgebra 05p(l|32, M)0: 

ijMN^jOP^ = _4rj^M[OjN]P] 
^jMN jMi...Me-^ ^ _]^2r/[^'^[*^i J^]*^2...M6] 
^jNi...Ne ^ jMi...Me^ ^ _^| g| ^[A^ilMi Ma ^N^ M3 ^N^ M4 ^Nr, M5 jNe]Me] 
+ 2 • 6^ ■ ■ ■^''^ ---Me]^ jAB 

+ 4 — y 7?I^i [^'^1 ?7^2 Ma ^A^s M3 jN4...Ne]M4...Me] (^^^7^ 

[J'''',Qa] = ^(P+r*^^)^QB 



1 

6! 

I 



{Qa,Q^} = - — {CrMN)A^j'^^^ - Y^{C'rMi...Me)A^J^^"'^'^ ) 

where antisymmetrization brackets on the RHS are meant to match the anti-symmetry of indices on 
the LHS. 



■^Notice that the second term appearing on the right handside of the third commutator is in fact proportional to 
pMi...Mio^ which, in turn, can be reexpressed as r'^fi-^'^w ^ (i/2)e'^s Mi...Afio r^gr,. Indeed, in 10 + 2 dimensions, we 
always have: 

T^Mi...Affc _ 1 ^Mi...MfcMfc+i...Mi2 p 

^ - (12 -fc)!^ iM. + l...A/l2l. 
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3.2 Supersymmetry transformations of 12D matrix fields 

In the following, we will construct a dynamical matrix model based on the symmetry group osp(l|32, R) 
using elements in the adjoint representation of this superalgebra, i.e. matrices in this superalgebra. 
We can write such a matrix as: 

where m is in the adjoint representation of sp(32,R) and ^ is in the fundamental. Since M belongs 
to the adjoint representation, a SUSY will act on it in the following way: 



In our particular 12D setting, m gives rise to a 2-form field C (with S'O(10,2) indices, not to be 
confused with the charge conjugation matrix with 5p(32,R) indices) and a self-dual 6-form field Z~^, 
as follows: 

mA^" = ^(nr^^)^«CM^ + ^(nr^-^«)^^z+^...Me • (20) 

We can extract the supersymmetry transformations of C, and ^' from (|T^ ) and we obtain: 

lb 

^?Zti^...Me = i^XrM,...M,^, (21) 

These formula allow us to compute the effect of two successive supersymmetry transformations us- 
ing (0) and (0): 

[si\6P]CMN = {x {r[,/c^]P + ^r[,/-^^z+ ^Jt'^ e , (22) 

ri-(l) _ — /"^^T _1_ ^7+ 

l^X '^e J^Mi...M6 - X [Mi...Af5 '~'Me]N + [Mi ^M2...Me]N 

12 ^ [M1M2M3 ^M4M5Me]NiN2N3 / ' + ^ i 

where we used the self-duality^ of Z^. At this stage, we can mention that the above results are in 
perfect agreement with the adjoint representation of [(^^^\ (Je^"*] (viz. (^) ) on the matrix fields. 

entisf5p« 7+ —if Ni...Ney+ 
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3.3 sp(32,R) transformations of the fields and their commutation relation with 
supersymmetries 

To see under which transformations an osp(l|32, ]R)-based matrix model should be invariant, one 
should look at the full transformation properties including the bosonic sp(32,M) transformations. In 
close analogy with equation ([l9|), we have the following full transformation law of M: 



implying the following transformation rules: 



iX / ' \ 



(23) 



a" = m]/ - tixA-^"" - ^AX"") , (24) 
5'^^^^A = h/^^c-mA^Xc ■ (25) 

We then want to extract from the first of the above equations the full transformation properties of 
Cmn and j^^. From ( p^ ) and ( p2D or directly using ( [T^ and the cyclicity of the trace, the bosonic 
transformations are: 

^I^^CmAT = 4/i^[;vCm]P + ^^^'■■■^'[Ar^M]7Vi...7V5 ' 

while the fermionic part is as in (^). If one uses ( p6[ ) to compute the commutator of a supersymmetry 
and an sp(32,M) transformation, the results will look very complicated. On the other hand, the 
commutator of two symmetry transformations may be cast in a compact form using the graded Jacobi 
identity of the osp(l|32,M) superalgebra, which comes into the game since matrix fields are in the 
adjoint representations of 05p(l|32,R). 

Such a commutator acting on the fermionic field ^ yields: 

[^x^i^h^]'^ ~ —hmx + [h,m]x = —mhx = 

= -l^[v^r''^^hx)CMN - l^{v+r''---^^^hx)zt,^,,,M, • (27) 

The same transformation on m leads to: 

= ^ {^Aix^h-^Cf - ihx)Ai^^Cf) , (28) 

which in components reads: 

[4^) , d'^^] Cmn = ^ x'^ChTMN^ , (29) 

[4'^4'^]^M....Me = {^X^ChTM,...M,^ . (30) 
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In eqns. (P^), ( p9| ) and (|30|), one could write /i in components as in ( |T2D and use: 

min{k,l) 

^Mi...M^,'^Ni...Ni = ^ (-l)''"-''"^ 2 • j! l^^j y^jVMiNi ■ ■ ■ r]MjNj^Mj+iNj+i...MkNi (31) 

to develop the products of Gamma matrices in irreducible tensors of SO{10,2) and obtain a more 
explicit result. The final expression for ( p7| ) and (|30| ) will contain Gamma matrices with an even 
number of indices ranging from to 12, while in (|29| ) the number of indices will stop at 8. Since we 
won't use this result as such in the following, we won't give it here explicitly. 

3.4 A note on translational invariance and kinematical supersymmetries 

At this point, we want to make a comment on so-called kinematical supersymmetries that have been 
discussed in the literature on matrix models ( |jl2|, |l^). Indeed, commutation relations of dynamical 
supersymmetries do not close to give space-time translations, i.e. they do not shift the target space- 
time fields X*^ by a constant vector. 

However, as was pointed out in [^] and [^], if one introduces so-called kinematical supersymmetry 
transformations, their commutator with dynamical supersymmetries yields the expected translations 
by a constant vector. By kinematical supersymmetries, one simply means translations of fermions by 
a constant Grassmannian odd parameter. In our case, this assumes the form: 

sfCMN = 4'^^Mi...M6 = ' 4'^* = ^ ' (32) 

=^ [6f,6f]M = 

Since there is no vector field to be interpreted as space-time coordinates in this 12-dimensional setting, 
it is interesting to look at the interplay between dynamical and kinematical supersymmetries (which 
we denote respectively by 5^^^ and 6^"^^) when acting on higher-rank tensors. In our case: 

[s^^\sf]CMN = -^{x'ctmnO , [4^\4'^]^M,...M6 = -^(x'"crM,...M60 . (33) 

Thus, [S^\ 4^"*] applied to p-forms closes to translations by a constant p-form, generalizing the vector 
case mentioned above. 

For fermions, we have as expected: 

[5«,4')]^ = 0. (34) 

It is however more natural to consider dynamical and kinematical symmetries to be independent. 
We would thus expect them to commute. With this in mind, we suggest a generalised version of the 
translational symmetries introduced in (^): 

^K^ = ^' ^K^MN = kMN, ^K^Ah...Me = Hh...M, ■ (35) 

It is then natural that the matrix 

"'{Jec o) (^«) 
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should transform in the adjoint of osp(l|32,M), which means that: 

S'^i'k/ = [h, k]^^ - iixAiecf - Uix'cf) (37) 
^hU = h/^Cc - k/'xc (38) 

We can now compute the general commutation relations between translational symmetries M 
M + K and osp(l|32,R) transformations and conclude that these operations actually commute: 

[4\4\m = Q. (39) 

3.5 12-dimensional action for supersymmetric cubic matrix model 

We will now build the simplest gauge- and translational-invariant 05p(l|32, M) supermatrix model with 
U{N) gauge group. For this purpose, we promote each entry of the matrix M to a hermitian matrix 
in the Lie algebra of u(A^) for some value of N . We choose the generators {f^^^^i ^2 of u(A^) so 
that: [t", t''] = ipH'' and Tr^(N){t'' ■ t'') = d^K 

In order to preserve both orthosymplectic and gauge invariance of the model, it suffices to write its 
action as a supertrace over osp(l|32, R) and a trace over u(iV) of a polynomial of osp(l|32, ]R)(K)u(A^) ma- 
trices. Following 1^, we consider the simplest model containing interactions, namely: 
'S'T''^o£ip{i|32,iR)^'"u(A'^)(-^[-^) -^]u(Af))- For hermiticity's sake one has to multiply such an action by 
a factor of i. We also introduce a coupling constant g^. This cubic action takes the following form: 

/= ^Srr„,p(i|32,M)rr„(^)(M[M,M]„(^)) = -^r''^5rr„,p(i|32,M)(M'^M''M^) = (40) 

= (rr3p(32,M)(m"m^m^) +3i^"^Cm''^'=) 

which we can now express in terms of 12-dimensional representations, where the symplectic matrix m 
is given by (pO|). 

Let us give a short overview of the steps involved in the computation of (^). It amounts to 
performing traces of triple products of m°'s over sp(32, M), i.e. traces of products of Dirac matrices. We 
proceed by decomposing such products into their irreps using (|3lD. The only contributions surviving 
the trace are those proportional to the unit matrix. Thus, the only terms left in ( ^0[ ) will be those 
containing traces over triple products of 2-forms, over products of a 2-form and two 6-forms, and over 
triple products of 6-forms, while terms proportional to products of two 2-forms and a 6-form will yield 
zero contributions. 

The two terms involving Z^'s (to wit CZ^Z^ and Z^ Z^ Z^) require some care, since T'^i'^^i^ 
is proportional to F^ in 12D, and hence Tr{V^ T^^- -^^^) oc Tr(F^) 7^ 0. Since double products of 
six-indices Gamma matrices decompose into I and Gamma matrices with 2, 4 up to 12 indices, their 
trace with F*^^ will keep terms with 2, 10 or 12 indices (the last two containing Levi-Civita tensors) 
while their trace with r^^i---*^6 will only keep those terms with 6, 8, 10 and 12 indices. 

Finally, putting everything together, exploiting the self-duality of Z~^ and rewriting cubic products 



10 



of fields contracted by / as a trace over u(A^), we get: 

r _ 32i ^ N O ^ 1 ^ Bly+Mi...M5 7+ Al , 

^ — "^-'M^)! i^N )<^0 \u{N) ~ 20^A i^B ' ^Afi...M5 Ju(Af) + 

I 61 DSFr7+ G/// 7+ ABC-i . 

2(3!)3 ^SC* V'^DEF ' ^GiT/ Ju{Ar) "T 

wliere we liave cliosen: eO---ii = eo...ii = +1, since the metric contains two time-like indices. Similarly, 
one can decompose invariant terms such as STr Qgp(^i\'^2, 9)'^ fu{N){^'^) aiid 
'ST?'osp(i|32,R)^^u(Af)([^' -^]u(Af)[^' -^]u(Af))> ^tc. While it might be interesting to investigate fur- 
ther the 12D physics obtained from such models and compare it to F-theory dynamics, we will not 
do so here. We will instead move to a detailed study of the better known 111? case, possibly relevant 
for M-theory. 



4 Study of the IID M-theory case 

We now want to study the WD matrix model more thoroughly. Similarly to the 12 dimensional case, 
we embed the 5*0(10, 1) Clifford algebra into sp(32,M) and replace the fundamental representation of 
sp(32,R) by 50(10, 1) Majorana spinors. A convenient choice of 32 x 32 Gamma matrices are the F's 
we used in the 121? case. We choose them as follows: 

where the 7*'s build a Majorana representation of the Clifford algebra of 50(9), {7*, 7-'} = 25*-' lie . As 
before, we have V^^ = T^T^ . . . provided 7-*^ ... 7^ = Iig, since we can define 7^ to be 7^ = 7^ . . . 7*^. 
This choice has (f)^ = — 132, while (r*^)^ = 1^2, VM = 1 ... 10 and gives a representation of 
jpA/^ -pTVj _ 2rj^^^1'^2 for the choice (— , +, . . . , +) of the metric. As we have again chosen all F's to 
be real, this allows to take i? = I in ^* = ^ which implies that the charge conjugation matrix is 
C = T^. Moreover, we have the following transposition rules for the T matrices: 

^pAfi...A/„^-l _ ^_-|^^n(n+l)/2^pAfi...Af„-jT ^^2) 

We will identify the fundamental representation of 5p(32,]R) with a 32-component Majorana spinor of 
50(10, 1). Splitting the 32 real components of the ^ into 16 + 16 as in: = (^>7i ^2^)5 can use 
the following identity: 

to write orthosymplectic matrices again as in (§). 
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4.1 Embedding of the IID Super-Poincare algebra in osp(l|32,R) 

In IID, we can also express the 5p(32,M) transformations in terms of translations, Lorentz transfor- 
mations and new 5-form symmetries, by defining: 

h = hMP^' + HmnJ'"''' + hM,...M,J^''-^' . (43) 



With the help of (14), we can compute this enhanced Super-Poincare algebra as in dimension 12, using 
the following explicit representation of the generators: 

pM _ -pM jMN _ JM1...M5 _ J^-pMi...M5 ^^^^ 

In order to express everything in terms of the above generators, we need to dualize forms using the 
formula: ^jY3^e*^i'"^^"rMfc+i...Mii = — r*^i'''^*. This leads to the following superalgebra: 

[P^\jOP] = 2ri''^^OpP] 
ijMN^jOP^ = _4r^mOjN]P] 

rpM jAh...M3] _ _^^MMi...M5 tNi...Ns 
L-^ '"^ ^ ~ 5! Afi-.A^s*^ 

jjMAf jAfi...M5j ^ _iQ^[M[Mi jN]M2...M5] 

\Thh...Nh TN1...N5] _ _J_M^...NhNi...N5 pA , _}_JNh[Ni ^M2N2M-j,...Nh]N-i...N5] TO1...O5 , 

'-^ J - + (31)2^ ^ Oi...05"^ + 

+ LrfWi [^1 rjMi N2 ^Ma N3 ^K-U N4 jNh]N^] ^^^^ 





,Qa] 


= (f^)^Qi. 




^jMN 


,Qa] 


= lir^'^'fAQs 




JM1...M5 


,Qa] 


= ^(f*'-^^^)^gB 




{Qa, 




= 3^(CTm)a^^^'- 


^ I'r-f \ B jMN , ^ (rif^ \ B JM1...M5 



Note that this algebra is the dimensional reduction from 12D to 111? of ([17|). In particular, the first 
three lines build the 5o(10,2) Lie algebra, but appear in this new 11-dimensional context as the Lie 
algebra of symmetries of AdSu space (it is of course also the conformal algebra in 9-1-1 dimensions). 
We may wonder whether this superalgebra is a minimal supersymmetric extension of the AdSn Lie 
algebra or not. If we try to construct an algebra without the five- form symmetry generators, the graded 
Jacobi identity forbids the appearence of a five- form central charge on the RHS of the {Qa, Q^} anti- 
commutator. The number of independent components in this last line of the superalgebra will thus 
be bigger on the LHS than on the RHS. This is not strictly forbidden, but it has implications on the 
representation theory of the superalgebra. The absence of central charges will for example forbid the 
existence of shortened representations with a non-minimal eigenvalue of the quadratic Casimir operator 
C = —1/4,PmP^^ + JmnJ^^^ ("spin") of the AdSu symmetry group (see [14]). More generally, in 
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IID, either all objects in the RHS of the last line are central charges (this case corresponds simply 
to the IID Super-Poincare algebra) or they should all be symmetry generators. Thus, although it is 
not strictly-speaking the minimal super symmetric extension of the AdSn Lie algebra, it is certainly 
the most natural one. That's why some authors 0] call osp(l|32,M) the super- AdS" algebra in IID. 
Here, we will stick to the more neutral osp(l|32,M) terminology. Furthermore, osp(l|32,M) is also 
the maximal M = 1 extension of the AdSu algebra. In principle, one could consider even bigger 
super algebras, but we will not investigate them in this article. 

It is also worth remarking that similar algebras have been studied in [15| where they are called 



topological extensions of the supersymmetry algebras for supermembranes and super-5-branes. 
4.2 The supersymmetry properties of the IID matrix fields 

Let us now look at the action of supersymmetries on the fields of an osp(l|32,]R) eleven-dimensional 
matrix model. We expand once again the bosonic part of our former matrix M on the irrep of 50(10, 1) 
in terms of 32-dimensional T matrices: 

2! 5! 
where the vector, the 2- and 5-form are given by: 

= -^Tr^p(^32,R){'mfM), CmN = 7'rjjp(32,M)(mf mat) , Zm^...M.^ = 7'?'sp(32,R)("irMi...M5) 

Let us give the whole s'^^ transformation acting on the fields (using the cyclic property of the 
trace, for instance: Tr{[h,m\T^) = Tr{h[m,T^])): 



1 Ml. ..Ms ,0 yNi...N5 _ _}_hOi - Os r [M1M2M3 yM4M5]NiN2N3 

^5!^ ONi...Ns"' ^ 3-4! ^Oi...05NiN2N3 ^ 

L y^f0fMi...M5^ 

16 ^ 



- 1 X^M - 2^ XL-MAT - -^1 'XZM1...M5 , 

where the part between parentheses describes the symplectic transformations, while the rest repre- 
sents the supersymmetry variations. Note that we used (iiifc)! g^'^^'"^^^^rjV4^i...Mii = — r^^^'"^*^ in 

(5^^ Z^^'^---^^'' to dualize the Gamma matrices when needed. 
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4.3 11-dimensional action for a supersymmetric matrix model 

As in the 12D case, we will now consider a specific model, invariant under U{N) gauge and osp(l|32, M) 
transformations. The simplest such model containing interactions and "propagators" is a cubic action 
along with a quadratic term. Hence, we choose: 



I = ^rr„,p(i|32,K)®u(iv) \^-^iM' + -^ M[M, M],(^) J . (46) 

Contrary to a purely cubic model, one loses invariance under M ^ Ad + K for a constant diagonal 
matrix K, which contains the space-time translations of the BFSS model. In contrast with the BFSS 
theory, our model doesn't exhibit the symmetries of flat IID Minkowski space-time, so we don't really 
expect this sort of invariance. However, the symmetries generated by remain unbroken, as well 
as all other osp(l|32,M) transformations. Indeed, the related bosonic part of the algebra (]45|) contains 



the symmetries of AdSu as a subalgebra, and as was pointed out in |]l^] and |17], massive matrix 
models with a tachyonic mass-term for the coordinate X's fields appear in attempts to describe gravity 
in de Sitter spaces (an alternative approach can be found in [^]). Note that we take the opposite 
sign for the quadratic term of ( ^6[ ) , this choice being motivated by the belief that AdS vacua are more 
stable than dS ones, so that the potential energy for physical bosonic fields should be positive definite 
in our setting. 

The computation of the 11-dimensional action for this supermatrix model is analogous to the one 
performed in 12 dimensions. We remind the reader that each entry of the matrix M now becomes a 
hermitian matrix in the Lie algebra of u(A^) for some large value of N whose generators are defined 
as in the 12D case. 

After performing in (^) the traces on products of Gamma matrices, it comes out that the terms 
of the form XXX, XXZ, XCC, CCZ and XCZ have vanishing trace (since products of Gamma 
matrices related to these terms have decomposition in irreducible tensors that do not contain a term 
proportional to II32) so that only terms of the form XXC , XZZ, CZZ, CCC, ZZZ will remain from 
the cubic bosonic terms. As for terms containing fermions and the mass terms, they are trivial to 
compute. Using (^) and the usual duality relation for Gamma matrices in IID, one finally obtains 
the following result: 

1= -32/.rr„(;v) [xmX'' - icMTvC*^^ + ^ ^m,...m,^''-^= + ^^^} + 

+ -^r'^u(Ar) ^SCatM [X*'-^,X^]u(^) - e*-^i-*^ii I^——Zmi...M5 [Xm6-, ZM7...Mii]uiN) - 

2^ 5^ AS 1 3 N 



+ Cmn[c%,c''^Un^ + -Ur^^'[XM,^UN) + ^_^r''''[CMN,^UN)+ (47) 



14 



5 Dynamics of the IID supermatrix model and its relation to BFFS 
theory 

Now, we will try to see to what extent our model may describe at least part of the dynamics of 
M-theory. Since the physics of the BFSS matrix model and its relationships to IID supergravity and 
superstring theory are relatively well understood, if our model is to be relevant to M-theory, we expect 
it to be related to BFSS theory at least in some regime. To see such a relationship, we should reduce 
our model to one of its ten-dimensional sectors and turn it into a matrix quantum mechanics. 

5.1 Compactification and T-duality of the IID supermatrix action 

If we want to link (^) to BFSS, which is basically a quantum mechanical supersymmetric matrix 
model, we should reduce the eleven-dimensional target-space spanned by the X*^'s to 10 dimensions, 
and, at the same time, let a "time" parameter t appear. At this stage, the world- volume of the theory 
is reduced to one point. We start by decompactifying it along two directions, following the standard 
procedure outlined in [^] . Namely, we compactify the target-space coordinates Xq and Xiq on circles 
of respective radii Rq = R and Rio = ujR. We introduce the rescaled field X[q = Xiq /lo which has the 
same lirR periodicity as Xq. We can then perform T-dualities on Xq and X[q to circles of dual radii 
R = ifi/R (parametrized by r and y), where In is some scale, typically the 11-dimensional Planck 
length. The fields of our theory, for simplicity denoted here by Y, now depend on the world-sheet 
coordinates r and y as follows: 



As a consequence, we now need to average the action over r and y with the measure drdy /{2itR)'^ . 
Finally, one should identify under T-duality: 



where A^- and Ay are the connections on the U{N) gauge bundle over the world-sheet. For notational 
convenience, we rewrite (p = Cqio, Fry = —i [DrjVy] and F* = Fio and encode the possible values of 
the indices in the following notation: 




(48) 




(49) 



A, B = 0,... ,10 , 

Q = 1, . . . , 10 , 



h — ■ ■ ■ 1 

P = 0,... ,9. 
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Then, the compactified version of (^) reads: 



+ 6iu;<l)Fry + 3Cij[X,,Xi] + ^ e^^-^^"^. Zai-As [^j , ^^e-Aio] " 

93c2 q , 

^ ^Al---All v -B1B2 [-7 V 1 I J [-7 ry Al---A4-\ 

~ (5!P ^AiAaAs [^-8152^4^5^6) ^Ay-AiiJ + — [Zj Ar--A4, J- 

+ C'ij [C'jfc, Cfci] + 3Cjo [Cfco, Cfci] — 3 Cjio [CfciO) C'fci] + 6 [Cfcio, C'^o] + (50) 

+ — l^r^iXi,^] + -^Tij[c,j,^ - ^TiTo[Ci^M + ^'rir,[Qio,^'] - ^ Tor, ^-j + 

— -^CijCij + CioCio — CiioCiiQ + —Za^-a^Z^^ ^^)^ ■ 

Repeated indices are contracted, and when they appear alternately up and down, Minkowskian 
signature applies, whereas Euclidian signature is in force when both are down. 

5.2 Ten-dimensional limits and IMF 

Since the BFSS matrix model is conjectured to describe M-theory in the infinite momentum frame, 
we shall investigate our model in this particular limit. For this purpose, let's define the light-cone 
coordinates t+ = (r + y)/\/2 and t_ = (r — y)/V2 and perform a boost in the y direction. In 
the limit where the boost parameter u is large, the boost acts as (t+,t_) — > u^^t_), or as 

(r, y) — > ^/2{utJ^,utJ^) on the original coordinates. In particular, when u oo, the t_ dependence 
disappears from the action and we can perform the trivial t- integration. The dynamics is now solely 
described by the parameter t = \/2ut^, which is decompactified through this procedure. In particular, 
both Vr and Vy are mapped into Vt. 

So far, the ratio of the compactification radii cu is left undetermined and it parametrizes a contin- 
uous family of frames. It affects the kinetic terms as: 

Ic = — lim / -—^ rr„(^) [ -6(Cio-uj Qio i[Dt,Xi] + M/ (Fo - FJ [Vt, ^ - 
9 J-nRu 2V2ttRu V ^ ^ 32 V J 



In order to have a non-trivial action, as in the BFSS case, we must take the limit u ^ oo together 
with — > oo in such a way that N/{Ru) — > oo. In the following, we will write R = Ru, implicitly 
take the limit {R, N) oo and let t run from — oo to oo. 
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In the usual IMF limit, one starts from an uncompactified Xq. In our notation, this corresponds 
to i? — > oo, i.e. to the particular choice lo = Riq/R — > 0. So, in the IMF limit, all terms proportional 
to uj drop out of In the following chapters, we will restrict ourselves to this case, since we are 

especially interested in the physics of our model in the infinite momentum frame. 



5.3 Dualization of the mass term 

Let us comment on the meaning of the term arising from the T-dualization of the mass term 
rr((Xo)^), which naively breaks gauge invariance. To understand how it works, we should recall that 
the trace is defined by the following sum: 

TT,iN){-Vl) = - Y,Mt)\Vl\Ua{t)) = Y,m\Ua{t))f . (52) 

a a 

for a set of basis elements {\ua{t))}^ of u(A^), which might have some t-dependence or not. If the 
\ua{t)) are covariantly constant, the expression ( |52|) is obviously zero. Choosing the \ua{t)) to be 
covariantly constant seems to be the only coherent possibility. Such a covariantly constant basis is: 

(where the |iia)'s form a constant basis, for instance, the generators of u(A^) in the adjoint representa- 
tion). Now, t lives on a circle and the function expz J^* AQ{t') dt' is well-defined only if the zero-mode 

a'^q^ = 27rn, n£7l. But we can always set A'^^ to zero, since it doesn't affect the behaviour of the 
system, as it amounts to a mere constant shift in "energy". With this choice, we can integrate Dt by 
part without worrying about the trace. 



5.4 Decomposition of the 5-forms 



In (|49|), the only fields to be dynamical are the Xi, the Zai...ar, and the The remaining ones 
are either the conjugate momentum-like fields when they multiply derivatives of dynamical fields, or 
constraint-like when they only appear algebraically. 

Thus, the Cjo and ^ have a straightforward interpretation as momenta conjugate respectively to 
the Xi and to ^. For the 5-form fields Zai---As however, the matter is a bit more subtle, due to the 
presence of the IID e tensor in the kinetic term for the 5-form fields. Actually, the real degrees of 
freedom contained in Zai-^-a^ decompose as follows, when going down from (10 + 1) to 9 dimensions: 

Q^{Mio,i,R) — > 3xQ^{Mg,R)®n^{Mg,R) . (53) 

To be more specific (as in our previous convention, = 1, . . . ,9 are purely spacelike indices in 9D), the 
3-form fields on the RHS of ( |53| ) are .^1113130,10 — Bi^i^i^, while the 4-form fields are Zi-^i^i^i^iQ = Zi^i^i^i^, 
Zi-^i^i^i^o = Hi^i^i^i^ and0 n*!'"*-* = e^^'"^^''^ '^*^'^'^ Zj^...j^; these conventions allow us to cast the 

^ Using 

JV 

,.i-.«»«+r-90.io s,,...,,,,^,...,,o,io = -(9 - Ny. ^ a{n) 5^,,„, , 

TT n — l 

where tt is any permutation of {1,2, .., N) and (j{n) is the signature thereof, this relation can be inverted: Zi^^.-.i^ = 
J. F . . TT^'s ■ • -Jg 

4! tli'--!5J6---J9 1 
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kinetic term for the 5-form fields into the expression 6/4! n*! "'* [T>t, Zi^...i^], while B and H turn out 
to be constraint-like fields, the whole topic being summarized in Table 1. 



dynamical var. 


number of real comp. 


conjugate momenta 


constraint-like 


number of real comp. 


Xi 


9 




Cij 


36 








Cm 


9 










1 




126 


nii--i4 




126 










84 




32 









Table 1: Momentum-like and constraint-like auxiliary fields 

We see that longitudinal 5-brane degrees of freedom are described by the 4- form Zi-^...i^, while trans- 
verse 5-branc fields -^ii-.-jr, appear in the definition of the conjugate momenta. As they are dual to one 
another, we could also have exchanged their respective roles. Both choices describe the same physics. 
We can thus interpret these degrees of freedom as transverse 5-branes, completing the BFSS theory, 
which already contains longitudinal 5-branes as bound states of DO-branes. 
Choosing the £i^...ig tensor in 9 spatial dimensions to be: 

A ^ 0,10 _ _^ 

we can express the action Ic in terms of the degrees of freedom appearing in Table 1 (note that from 
now on all indices will be down, the signature for squared expressions is Euclidean and we write Vf 

instead of ): 

Ic = J dtTr^^N)(^-GiCio[Vt,Xi] - -^Yli,...i,[Vt, Zi,...i,] + ^^ro[Pt,^'] + 3 C^,- [X,- , X^] - 

+ 2 ^' ~2CjO ^4 . 4|^jjl-j4fer--fe4[-f^jl--j45 nfei...fe4] + [Zijij2j3,Bjj^j2j3]^ + 

+ Cij {Cjk, Cki] + 3 Cio [Cfco, Cki] — 3 Cjio [Cfeio, C'fei] + 60 [Ckio, Cko] + 

+ — I ^ , *] + - * r^,- [Cij , *] - r^ro [c^o, ^] + ^ r^r, [Cuo , *] - (54) 

- ^Fof, [(i>,^] + ^^fi,...i4r,[Zi,...i„-^] + ^^fi,...i4fof4nn...i4,*] + 

- ^*ri,...i,ro[i?n...i4,*] - ^'^fi,i,i,fof4Bi,i,i„^]^ + fig'^iS^iXif + + 

-l^ iCijf + {Ciof - {Ci,o? + ^ ({Zi,...i,f + (n,,..,j2 - {Hi,...i,f - 4(B,,,,,3)2)| j . 
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We have redefined the two following lengthy expressions in a compact way to cut short: first the term 
coupling the various 5-form components to the Cij: 

and second, the trilinear couplings amongst the 5-form components: 

W{Z,Il,H,B) = Eij^-.-ig i^Bi-^i^ j (2 [Ilj jgj^jg , njg...jg] " j g , ^jg . . . jg ] " [ii/j jg jg , jg . . . jg ] ) + 

2 1 

+ (3!) '^iii2jlj2 [^jlj2klk2': -^kik2ili2] 

5.5 Computation of the effective action 

We now intend to study the effective dynamics of the Xi and ^ fields, in order to compare it to 
the physics of DO-branes as it is described by the BFSS matrix model. For this purpose, we start 
by integrating out the 2-form momentum-like and constraint-like fields, which will yield an action 
containing the BFSS matrix model as its leading term with, in addition, an infinite series of couplings 
between the fields. Similarly, one would like to integrate out the Z-type momenta and constraints 11, 
H and B, to get an effective action for the 5-brane (described by Zijki) coupled to the DO-branes. We 
will however not do so in the present paper, but leave this for further investigation. 
To simplify our expressions, we set:^ 

p A 2 A 8^/2 

P = f^g , 7 = — :y= , 

and write (Is^) as (after taking the trace over u(A^)): 

Ic = 7jdt (^PiC^yiJ.f + A^*)C5 + C^ F» + £c + + ^) . (55) 
For convenience, we have resorted to a very compact notation, where: 

.a A ^ Q ^ jab A ( -^^X « \ .ab A ( Cf^ <t^'h 

( \ 

and where the components of the vector = ( , are given by the following expressions: 



^ I 3 _ _ 

Fi = &[Vt,Xi\ - j^eiji--j4fci-A:4 [-f^ii-i4;nfci...A:4] - i[Zi j^j^j.^, B j^j^j^] - — {^',riro^'} , 

^ i 3 ~ ~ 

Gi = 4 . ^\^iji---j4,ki---kAZj-^---j^,Hki---k4\ — i[Hij^j2j-i-,Bj^j2j^ + — {^',rjr*^'} 



^If we consider X and hence C, Z and ^ to have the engineering dimension of a length, then so has [3, while 7 has 
dimension (length)"^. 



19 



Note that we have written if"-^'^'^ T . .^''^ as F...^}" with a shght abuse of notation. The remaining 
terms in the action ( ^5|) depending on Cij and (f) are contained in 

with the following definitions 

Eij = \Ki, + ?,i[Xi,x,] + A{^,ri,vi/} , 

and finally £ is the part of Ic in (|5^) independent of C^-, Qio, Cjo and (/). in other words the part 
containing only dynamical fields (fermions ^ and coordinates Xi) as well as all fields related to the 
5-brane (the dynamical ones: Z and 11, as well as the constrained ones: B and H). 

Now, ( |55| ) is obviously bilinear in the (note that A"j' is symmetric, since Cij is actually 
antisymmetric in i and j). So one may safely integrate them out, after performing a Wick rotation 
such as 

t ^ T = it , Cjio Ciio = iiCjio • 

The indeterminacy in the choice of the direction in which to perform the Wick rotation will turn out 
to be irrelevant after the integration of Chq (indeed, this it sign appears in each factor of (j) and each 
factor of G, which always come in pairs). 

We then get the Euclidean version of (p5|): 

1^ = ^ jdr [my{t^+^f^)c] + {CyT, -Cc-C^-t) , 

where the new rotated fields assume the following form: 

( \ V ^ ( \ 

V Ct,, ; ' \ ±iG- ) ' 

The gaussian integration is straightforward, and yields, after exponentiation of the non trivial part of 
the determinant: 

J DC no DCio exp{ -Je} 

(X exp I - \Tr (ln(I^'' + A^')) - ^ j dr (-^(^^^(I^f + A^V'fJ - Cc - - C^^ 
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The term quadratic in F is obviously tree-level, whereas the first one is a 1-loop correction to the 
effective action. The 1-loop "behaviour" is encoded in the divergence associated with the trace of an 
operator, since 

Trd = j dTO\{T){T\T) = aJ dTO\{T) , (56) 

where the integration in Fourier space is divergent, and has been replaced by the cutoff A. Transform- 
ing back to real Minkowskian time t, we obtain the following effective action 

Ics = lj dt [c + Cc + C^ + ^(Fr)T(I^^ + A:;V'F;- A(in(I + A(0))^") . (57) 

5.6 Analysis of the different contributions to the effective action 

The natural scale of (^) is (3, which is proportional to the mass parameter /x. We therefore expand 
( |57| ) in powers of 1//3, which amounts to expanding (^) in powers of A. Now, this procedure must 
be regarded as a formal expansion, since we don't want to set /3 to a particular value. However, 
this formal expansion in 1/(3 actually conceals a true expansion in which should be small to 

minimize the potential energy, as will become clear later on. 

First of all, let us consider the expansion of the tree-level term up to 0(l//3^). The first order 
term is given by: 

^ j dtiYyT, =-J dtTr({F,f - {G,f) . 

Since Fi contains \Pt,Xi\ and {^',^'}, while Gi contains only {^',^'} (ignoring Z-type contributions), 
this term will generate a kinetic term for the X*'s as well as trilinear and quartic interactions. 
The second-order term is: 

i j dtmy-Ap] = dtTr(c,,{[F,,F,]-[Gi,G,]]-2cl>[F„G,]y 

All vertices generated by this term contain either one C, with 2 to 4 X or or one <j), with 3 or 4 X 
or ^. 

Finally, the third-order contibution is as follows: 

^Jdt (Fy(A'')p] = -^ldt Tr(^[F,,C,,][Cjk,Fk] - [G„C,,][Cjk,Gk] + 

+ [F,,^][<P,F,] - [Gi,<p][(t>,Gi] + 2[G,,Cij][4>,Fj] - 2 [F„ G,] ^ , 

producing vertices with 2 (j)^s or 2 C's, together with 2 to 4 X or as well as vertices with 1 </> or 1 
C, with 3 to 4 X or 

Next we turn to the 1-loop term, where we expand the logarithm up to 0{1/P^). Because of the 
total antisymmetry of both /"'"^ and Cij, one has TrA = 0, so that the first term cancels. Now, 
keeping in mind that 

jabcfbad ^ _C2(0t))5"'^ and jaran jbno jcom ^ Iciioi}) f"^" , 
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C2(at)) referring to the quadratic Casimir operator in the adjoint representation of the Lie algebra, 
one readily finds: 



(i). TrA^ = (|)%iC2(at))A/dtTr((Qj)2- 9(0)2 



ii). TrA' = - (lY C2{ad)Aj dtTr(Cij[Cjk,C, 



In other words, the 1-loop correction (i) renormalizes the mass terms for Cij and (f) in Ic as follows: 

w 



Mass renormalization for Cij-. ^'jjS — > ^^l3 (l + -^C2{ad)A 



• Mass renormalization for (p: jf3 — > 7/? ^1 + 2^^C2(a())A^ 
Whereas the 1-loop correction (ii) renormalizes the trilinear coupling between the Cij in 1^- 
Renormalization of the Cij[Cjk, Cki] coupling: 7 — > 7(1— 27/3^ ^2(0'') A.) 



3 

Up to TrA , the 1-loop corrections actually only renormalize terms already present in Ic from 
the start. This is not the case for the higher order subsequent 1-loop corrections: there is an infinite 
number of such corrections, each one diverging like A. A full quantization of (57) is obviously a 
formidable task, which we will not attempt in the present paper. A sensible regularization of the 
divergent contributions should take into account the symmetries of the classical action, which are 
not explicit anymore after performing T-dualities and the IMF limit. However, since our model is 
quantum-mechanical, we believe it to be finite even if we haven't come up with a fully quantized 
formulation. 

Summing up the different contributions computed in this section, one gets the following 1-loop 
effective action up to 0(1//?^): 

^ les = j dt [Cc + + C) + ^ j dt Tr [Ff - Gf) - 

■ j dtTr(Cij{[F,,Fj] - [G,,G,]) -2(t>[F,,Gi]^ +2^/ "^^Trl^Cfj-d^ 



3z7 



4/3' 



~W I - [Gi,C,j][Gjk,Gk] + [Fi,(f>][(f>,F,] - [Gi,(f>][^,Gi] + 

+ 2[Gi, G,j] [(t>, Fj] -2[Fi, G,j] [0, Gj]^ - J dtTr(^ [G,k, Gti]^ + 0{l/(i^) . (58) 



where A is proportional to the cutoff A: 

9C2(ac))A 



A ^ 



7 

Note that the 0{1/ j3'^) terms that we haven't written contain at least three powers of Gij or 
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5.7 Iterative solution of the constraint equations 

The 1-loop corrected action ( ^8|) still contains the constraint fields Cij and cf), which should in principle 
be integrated out in order to get the final form of the effective action. Since I^s contains arbitrarily 
high powers of Cij and (j), we cannot perform a full path integration. We can however solve the 
equations for Cij and (j) perturbatively in l/f3. This allows to replace these fields in (|58| ) with the 
solution to their equations of motion. Thus, in contrast with the preceeding subsection, here we remain 
at tree-level. 

The equation of motion for dj may be computed from (^), and reads: 

C^J + ^{Eij+3i[Cjk,Cki]) + ^ (^^i[[Gi,Gj] - [F,,Fj]'}+XCij^ + 
+ {{[F[^, [C,]k,Fk]] - [C,]k,Gk]] + [cP,F^]]] - [<A,G,]]]} + 
- y[C,fc,Cfe,]) + 0{l/(3'>) =0, (59) 
while the equation of motion for (p is: 



[Ci,[G„<p]] + [Fi,[Cij,Gj]] - [Gi,[C,„Fj]]^ + 0(l//35) = o 



(60) 

By solving the coupled equations of motion ( ]59| ) and (|^) recursively, one gets Cij and up to 0(l//3^). 
We can safely stop at 0{1/P^), because the terms contributing to that order in (^9|) and (|60|) are, 
on the one hand, f3~ A{6/6Cij)TrA and I3~ A{6/6(/})TrA , whose lowest order is 0{l/(3 ), and on 
the other hand (3''^{6/6Cij)F^A^F and (3-^{5/5(l))F'^A^F, whose lowest order is 0{l/(3'^), so that the 
eom don't get any corrections from contributions of 0{l/f3^) coming from I^s. 
Subsequently, the 1/(3 expansion for Cij reads 

Gij = ~ -^Fij + (^Eik,Ekj\ + -[Fi,Fj] - -[Ci,Cj]^ + -^Eij + 

9 / 1 1 1 

+ -^[-'^[^[ikAEkuEij-^]] + i^iEiikA^k, Fj]]] - i^[F[ikAGk,GjT^] + - 

- + J]] - J]]) + 0{l/[3^) , (61) 

and the expansion for </>: 

1 . 3^ /3\^ A 



9 

8^ 



[F„ [Fi, J]] - [Ci, [Gi, J]] - 2[[F„ E.jlGj] + 2[[Gi, Eij],Fj] + 0(1//?' 
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Now, plugging the result for Cij and <f> into Icfr, one arrives at the "perturbative" effective action, 
which we have written up to and including 0(1//?^), since the highest order {0{1/P^)) we calculated 
in Jeff is quadratic in C and (j^ and since the C'(l//3'^)-terms in ( |58D only generate 0(1//?'') - terms. 
This effective action takes the following form: 

^/eff = j dt(^+^TT[Ff-Gl + J^-2{E,,f) + 

+^,Tr[{E.,f - +±-^Tr[{[E,,,E,,]f + ^([F„F,] - [G.,,G,]f - 

+\[E,u,Ekj]{[E,F,] - - \m,G,]f - \{{[E.E,,]f - {[Gi,Ei,]f} + 

+^{([i^^,^])'-([Gi,J])'}-^[Q,i5;,,][J,F,] + i[F,,ii;,,][J,G,-]] J +0{l/(3^). 



At that point, we can replace the aliases E, F, G and J by their expression in terms of the 
fundamental fields X, ^, Z, U, B and H. The result of this lengthy computation (already to order 
1//3) is presented in the Appendix. Here, we will only display the somewhat simpler result obtained 
by ignoring all 5-form induced fields. Furthermore, we will remove the parameter (3 from the action, 
since it was only useful as a reminder of the order of calculation in the perturbative approach. To do 
so, we absorb a factor of in every field, as well as in Dt (so that the measure of integration scales 
with 0). Thus, (3 only appears in the prefactor in front of the action, at the 4*'' power. This is similar 
to the case of Yang-Mills theory, where one can choose either to have a factor of the coupling constant 
in the covariant derivatives or have it as a prefactor in front of the action. To be more precise, we set: 

4V6/9 P P 

and similarily for the Z sector: {Z,U,H,B) {Z/P,U/P,H/P,B/p). 

With this redefinition, it becomes clear that our developpment is really an expansion in higher 
commutators and not in /3. It makes thus sense to limit it to the lowest orders since the commutators 
should remain small to minimize the potential energy. To get a clearer picture of the final result, we 
will put all the 5-form-induced fields {Z, IT, H, B) to zero. For convenience we will still write X as X 

®note that their expansion starts at 0{1/ (3) 
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and i as t in the final result, which reads: 

- fe© - 3[Pt,x,]{e,fifoe} - |[x,,x,]{e,fye} + 
+^({e,f,foe})2 - ^({e,f,f.e})2 + \{{Q,VoV.Q}f - ^({e,f,,e})2 + 

+3[Xi,Xj][[Xj,Xk\, [Xk,X.^] - 'd[Xi,Xj][[Vt,Xii [Vt,Xj]] - 

-^{Q,fijQ}[[Xj,Xk], [Xk.XiW + ^[x,,x,][{e,f,fee},{G,ffeiG}] - 
-^{0- f i,-0}[{e, f.fee}, {9, fkiQ}] + ^{9, f,,-9}[[Pj, Xii [Vt, Xj]] + 
+3^[Xi,Xj][[Vt,Xi],{e,rjtoQ}] - ^{9,fi,e}[[A,Xi],{9,f,foe}] - 
-^[Xi,Xj][{e,t,toe},{e,tjtoe}] + ^{e,ti,Q}[{Q,titoe},{Q,t,roQ}] + 
+^[Xi,Xj][{e,tir,e},{@,tjt,e}] - 0{9,fi,-9}[{9,fif,9},{9,f,f,9}] - 

-^{G, f of ,G}[[A, Xi], {Q, f,f ,6}]+, ^{9, f of ,9}[{9, f ^f o9}, {9, f ^f .9}] J + 
+ eighth-order interactions. 

We see that the first four terms in this action correspond to the BFSS matrix model, but with a 
doubled number of fermions. So, in order to maintain half of the original supersymmetries (i.e. M =1 

in 10-D), one could project out half of the original fermions with V- ^'^^> (1 +f*)/2. Finally, in 

addition to the BFSS-like terms, we have mass terms and an infinite tower of interactions possibly 
containing information about the behaviour of brane dynamics in the non-perturbative sector. 

6 Discussion 

After a general description of osp(l|32) and its adjoint representation, we have studied its expression as 
a symmetry algebra in 12D. We have described the resulting transformations of matrix fields and their 
commutation relations. Finally, we have proposed a matrix theory action possessing this symmetry 
in 12D. We have then repeated this analysis in the 11-dimensional case, where osp(l|32) is a sort of 
super- yldS" algebra. Compactification and T-dualization of two coordinates produced a one-parameter 
family of singular limiting procedures that shrink the world-sheet along a world-line. We have then 
identified one of them as the usual IMF limit, which gave rise to a non-compact dynamical evolution 
parameter that has allowed us to distinguish dynamical from auxiliary fields. Integrating out the latter 
and solving some constraints recursively, we have obtained a matrix model with a highly non-trivial 
dynamics, which is similar to the BFSS matrix model when both and multiple commutators are 
small. The restriction to a low-energy sector where both X"^ and [X, X] are small seems to correspond 



25 



to a space-time with weakly interacting (small [X, X] ) D-particles that are nevertheless not far apart 
(small X"^). The stable classical solutions correspond to vanishing matrices, i.e. to D-particles stacked 
at the origin, which diplays some common features with matrix models in pp-wave backgrounds (see 



for instance |2g, H ) . 

Since the promotion of the membrane charges in the IID super-Poincare algebra to symmetry 
generators implied the non-commutativity of the P's, and thus the AdSn symmetry, the membranes 
are responsible for some background curvature of the space-time. Indeed, since the Cmn don't appear 
as dynamical degrees of freedom, their role is to produce the precise tower of higher-order interactions 
necessary to enforce such a global symmetry on the space-time dynamically generated by the Xi's. The 
presence of mass terms is thus no surprise since they were also conjectured to appear in matrix models 
aimed at describing gravity in deSitter spaces, albeit with a tachyonic sign reflecting the unusual 
causal structure of deSitter space ([|^, 0])- One might also wonder whether the higher interaction 
terms we get are somehow related to the high energy corrections to BFSS one would obtain from the 
non-abelian Dirac-Born-Infeld action. Another question one could address is what kind of corrections 
a term of the form 5rr£,gp(]^|32)0u(„)([-/Vf, M] [M, M]) would induce. 

It would also be interesting to investigate the dynamics of the 5-branes degrees of freedom more 
thoroughly by computing the effective action for Z (from Jeff of the Appendix) and give a definite 
proposal for the physics of 5-branes in M-theory. Note that there is some controversy about the ability 
of the BFFS model to describe transverse 5-branes (see e.g. [23, p3 and references therein for details). 



Our model would provide an interesting extension of the BFSS theory by introducing in a very natural 
way transverse 5-branes (through the fields dual to Zy/^i) in addition to the DO-branes bound states 
describing longitudinal 5-branes, which are already present in BFSS theory. 
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8 Appendix 

We give here the complete effective action at order 

r 1 3^ { 

3 / 1 

^ - Ti^...ij:o[Hi^-u,^] - ^Ti^i^i^ToT^Bi^i^i^,'^]^ J I + 

+ ^ jse - -eij^...j^[T>t,Xi][Hj^...j^,nj^...jg] - 12i[T>t,Xi][Zij^...j^,Bj^...j^] - 

9 _ ~ ~ 1 / 

- g[1^t,Xi\{^,TiTo'^} - —[Hi^...i^,Uj^...j^]{^[Hi^...i^,Uj^...j^] - 16[iJiii2i3j4,nj^j2j3i4] + 
I ^ _ ~ ~ 



2 . ^] V1"V8 L^^J1---J45 ^^J5---J8J L"«Kl---re3' "«1---«3J ' 29 

- ([^^^i-.3,^.i-.3])' + ^lZ^n■■■J3,BJ,...,,]{^,f,fo^} + A({^,f,fo^})2 + 

+ ^ [■^il---i4) njj...j4] ^[^jj^...j4, nj-^...j4] — ^G[Zij^i2igj^,Tijij2j3u] + 36[Zjjj2j3j4) njjj2i3M] ~ 

- 16[Zj^j2i3i4) njii2i3M] + [Zjlj2j3j4T^hi2i3i4]j ~ ^"T^^ijl •••js [-^Jl ••■J4 ) n^g-.-jg] [-ff^fej ...feg , -Bfc^ ...fcg] — 

- ■^^ijl-js[Zjl - j4^^j6-j8]{^^^i^*^} + i[Hiji-j3,Bj^...jg])'^ + —[Hij^...j^,Bj^...j^]{'^,fir^^} - 

- - ^{[Zi,...i„Hi,...i,]f + ^[Zi,...i„Hi,...i,]{^,foM} + ^([Sifc,fc2,^^fcite])' + 

+ 2^[Zikik2k3, Zjk^k2k3])'^ + [■^jfciA;2A;3! ■^jfeiA:2fe3][niii'2i3'nj;ii2i3] + 2^[^^kik2k3,^jkik2k:i])'^ — 

- 3[Zjfeifc2fe3''^jfelfe2fe3][-Siili2>-Sjili2] - [Ziklk2k3,Zjkik2k3][Hihl2l3^^jhl2l3] + ^({^5^0?*^'})^ - 

- ^[^ikik2k3^^jkik2k3][Bihl2^Bjhl2] ~ P ikik2k3 ) n^j;-!^ 

fe2fc3][-f^jhi2i3'-f^jh«2i3] + 

+ '^[Bikik2 1 Bjk^k2][Hilll2l3^ -Bjhhh] + 2^l-^*'^l'^2fc3' ^jfciA;2fc3])^ ~ ^[Zikik2k3, Zjkj^js2k3][^ij^j] + 
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3^ ~ 3j ~ 

+ -^[Zikikika, Zjk^kikaK^i'^ij^} - Q[^ikik2k3,'^jkik2ks][^ii ^j] + -^[^ikik2k3,'^jkik2ks]{^ + 

9i — ~ 

+ ^8[Bikj^k2, Bjk-i^k2][Xi, ^j] — -^[Bikik2,Bjk^k2]{'^,^ij^} + (!>[Hikik2k3, Hjkj^k2k3][Xi, Xj] — 



3i 
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[Hikik2ka , 

Hjk^k2k,]{'i',rij^} + 18i[X„Xj]Y 



9i_ 
16 
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